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Abstract. We consider a discrete dynamical system on a pseudo-Riemannian
manifold and we determine the concept of a hyperbolic set for it. We insert
a condition in the definition of a hyperbolic set which implies to the unique
decomposition of a part of tangent space (at each point of this set) to two
unstable and stable subspaces with exponentially increasing and exponentially
decreasing dynamics on them. We prove the continuity of this decomposition
via the metric created by a torsion-free pseudo-Riemannian connection. We
present a global attractor for a diffeomorphism on an open submanifold of the
hyperbolic space H2(1) which is not a hyperbolic set for it.
AMS Classification: 37D05, 53B30
1. Introduction
Hyperbolic dynamics on a Riemannian manifold has a deep history in mathe-
matics and physics [1, 6, 12], and it is a main mathematical tool to determine the
complex systems behavior [5, 13, 15]. The phrase ”hyperbolic dynamics” has differ-
ent definitions in partial differential equations, ordinary differential equations, and
discrete dynamical systems [2, 3, 4, 7, 10, 11, 14]. The notion of hyperbolic dynam-
ics for partial differential equations in a pseudo-Riemannian manifold has been con-
sidered by Choquet-Bruhat, and Ruggeri via considering hyperbolicity of the 3+1
system of Einstein equations [4] in 1983. Here we extend the notion of hyperbolic
sets to discrete dynamical systems on pseudo-Riemannian manifolds. The appear-
ance of a non-trivial hyperbolic set for discrete dynamical systems on Riemannian
manifolds return to Smale’s paper in 1998 by introducing Smale’s horseshoe [14].
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We assume that M is a pseudo-Riemannian manifold with the pseudo-Riemannian
metric g(., .). If p ∈ M , then a vector v ∈ TpM is called spacelike, timelike or null
if gp(v, v) > 0, gp(v, v) < 0, or gp(v, v) = 0 respectively. In the next section we
present the definition of a hyperbolic set for a discrete dynamical system created
by a diffeomorphism on M . We see that the derivative of a hyperbolic dynamics
affect on two sets of non-null vectors, and the iteration of it or in it’s inverse creates
an exponentially growth on the length of vectors. A distribution of null vectors
has essential role in this kind of dynamics. In theorem 2.1 we prove the unique
decomposition of a part of tangent space at a point of a hyperbolic set to stable
and unstable subspaces up to a special distribution. We prove the continuity of this
decomposition in theorem 2.2. In section 3 we present examples of hyperbolic sets
and in example 4.1 we find a global attractor which is not hyperbolic.
2. Hyperbolic set
In this section we assume that (M, g) is a smooth pseudo-Riemannian manifold,
and f : M →M is a diffeomorphism. We also assume that C is a compact invariant
set for f i.e. f−1(C) = C.
Definition 2.1. We say that C is a hyperbolic set for f up to a distribution
p 7→ En(p), if there exist positive constants a and b with b < 1 and a decomposition
TpM = E
s(p)⊕ Eu(p)⊕ En(p)
for each p ∈ C so that:
(i) Each non-zero vector in Es(p) or Eu(p) is timelike or spacelike, and each vector
of En(p) is a null vector;
(ii) DfpE
s(p) = Es(f(p)) and DfpE
u(p) = Eu(f(p));
(iii) if v ∈ Es(p) and n ∈ N then |gfn(p)(Dfnp (v), Dfnp (v))| ≤ abn|gp(v, v)| and
lim
n→∞ gf
n(p)(Df
n
p (v), Df
n
p (w)) = 0 for all w ∈ TpM with the following property
|gfn(p)(Dfnp (w), Dfnp (w))| ≤ abn|gp(w,w)| for all n ∈ N ;
(iv) if v ∈ Eu(p) and n ∈ N then a−1b−n|gp(v, v)| ≤ |gfn(p)(Dfnp (v), Dfnp (v))|.
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Theorem 2.2. Let C be a hyperbolic set for f up to a distribution p 7→ En(p).
Then for each p ∈ C, the tangent space of M at p has a unique decomposition with
the properties of the former definition.
Proof. Let p ∈ C, and let TpM = Es1(p)⊕Eu1 (p)⊕En(p) = Es2(p)⊕Eu2 (p)⊕En(p),
where Esi (.), and E
s
i (.) satisfy the properties of definition 2.1. Then E
s
1(p)⊕Eu1 (p) =
Es2(p)⊕Eu2 (p). If u ∈ Es1(p), then u = v +w, where v ∈ Es2(p) and w ∈ Eu2 (p). For
n ∈ N we have
a−1b−n|gp(w,w)| ≤ |gfn(p)(Dfnp (w), Dfnp (w))|
= |gfn(p)(Dfnp (u− v), Dfnp (u− v))|
= |gfn(p)(Dfnp (u), Dfnp (u)) + gfn(p)(Dfnp (v), Dfnp (v))− 2gfn(p)(Dfnp (u), Dfnp (v))|
≤ |gfn(p)(Dfnp (u), Dfnp (u))|+|gfn(p)(Dfnp (v), Dfnp (v))|+2|gfn(p)(Dfnp (u), Dfnp (v))|.
Since the right hand side of the above inequality tends to zero when n tends to
infinity, then |gp(w,w)| = 0. Thus w ∈ En(p)∩Eu2 (p) = {0}. Hence Es1(p) ⊆ Es2(p).
The similar calculations imply that Es2(p) ⊆ Es1(p), so they are equal, and we have
a unique decomposition. 
Now we are going to define a metric on the set of subspaces of tangent space
at a point of M . For this purpose we use of ”parallel translation”. Let us recall
it. We assume that X(M) is the set of smooth vector fields on M . A mapping
∇ : X(M) × X(M) → X(M) ((X,Z) 7→ ∇ZX)) is called an affine connection on M
[8] if it satisfies the following three conditions:
(i) ∇ZfX+gY = f∇ZX + g∇ZY for all f, g ∈ C∞(M) and X,Y, Z ∈ X(M);
(ii) ∇aY+bZX = a∇YX + b∇ZX for all a, b ∈ R and X,Y, Z ∈ X(M);
(iii) ∇fZX = X(f)Z + f∇ZX for all f ∈ C∞(M) and X,Z ∈ X(M).
If p ∈ M , then the bilinear map ∇p : TpM × X(M) → TpM , (Xp, Z) 7→ (∇ZX)p
is called the covariant derivative of Z in the direction of Xp. If α : (−, ) → M
is a smooth curve and if Z is a smooth vector field along α , then the covariant
derivative of Z along α is denoted by DZdt and it is defined by
DZ
dt = ∇Yα˙(t), where
Y ∈ X(M) is an extension of Z on M . If DZdt = 0 for a vector field Z along α, then
Z is called a parallel vector field along α. If v ∈ TpM and α : (−, ) → M is a
smooth curve passing through p that is α(0) = p, then it is proved that there is
a unique parallel vector field Z along α with Zp = v. The mapping Pt : TpM →
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Tα(t)M , v 7→ Zα(t) is called a parallel transition. A connection ∇ is called a pseudo-
Riemannian connection if the parallel transition along any given curve preserves
pseudo-Riemannian metric, and it is proved that each pseudo-Riemannian manifold
has a unique torsion-free connection [8, 9] that is a pseudo-Riemannian connection
with the following property:
∇ZX −∇XZ = [X,Z] for all X,Z ∈ X(M).
Now we assume that ∇ is a torsion-free pseudo-Riemannian connection on M , p ∈
M , and α : (−, ) → M is a smooth curve passing through p. If u ∈ Tα(t)M and
E is a subspace of Tα(s)M , where t, s ∈ (−, ), then we define d(u,E) by
d(u,E) = inf{|gα(s)(Ps−t(u)− w,Ps−t(u)− w)| : w ∈ E and |gα(s)(w,w)| = 1}
where Pt is the parallel transition corresponding to ∇.
Definition 2.3. For two subspaces E of Tα(s)M and F of Tα(t)M with s, t ∈ (−, )
we define d(E,F ) by
d(E,F ) = max{a, b}, where
a = max{d(v, F ) : v ∈ E and |gα(s)(v, v)| = 1}, and
b = max{d(u,E) : u ∈ F and |gα(t)(u, u)| = 1}.
With the former assumptions we have the next theorem.
Theorem 2.4. If C is a hyperbolic set for f up to a distribution p 7→ En(p), and
if p ∈ C, α(tn) ∈ C and tn → 0 when n→∞, then
d(Es(α(tn)), E
s(p))→ 0, when n→∞
and
d(Eu(α(tn)), E
u(p))→ 0, when n→∞.
Proof. Let m be the dimension of M . Then 0 ≤ dim(Es(α(tn))) ≤ m for all n ∈ N .
Thus there is a subsequence {tl : l ∈ N} of {tn} and a constant k ∈ N such that
dim(Es(α(tl)) = k for all l ∈ N . Let {vl1, vl2, ..., vlk} be a pseudo-orthonormal basis
of Es(α(tl)), i.e., |gα(tl)(vli, vlj)| = δij . For a given i, the set {P−tl(vli) : l ∈ N} is
a subset of the compact set {v ∈ TpM : |gp(v, v)| = 1}. Thus it has a convergent
subsequence. We denote it and it’s limit by {P−tr (vri) : r ∈ N}, and vi. Clearly
vi ∈ Es(p)⊕ Eu(p), so vi = u+ w with u ∈ Es(p) and w ∈ Eu(p). We have
a−1b−n|gp(w,w)| ≤ |gfn(p)(Dfnp (w), Dfnp (w))|
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= |gfn(p)(Dfnp (w + u− u), Dfnp (w + u− u))|
≤ |gfn(p)(Dfnp (vi), Dfnp (vi))|+|gfn(p)(Dfnp (u), Dfnp (u))|+2|gfn(p)(Dfnp (vi), Dfnp (u))|
= lim
tr→0
|gfn(p)(Dfnp (vri), Dfnp (vri))|+ |gfn(p)(Dfnp (u), Dfnp (u))|
+2 lim
tr→0
|gfn(p)(Dfnp (vri), Dfnp (Ptru))|
≤ ( lim
tr→0
abngp(vri, vri)) + ab
ngp(u, u) + 2 lim
tr→0
|gfn(p)(Dfnp (vri), Dfnp (Ptru))|
= abngp(vi, vi) + ab
ngp(u, u) + 2 lim
tr→0
|gfn(p)(Dfnp (vri), Dfnp (Ptru))|.
Since limn→∞ |gfn(p)(Dfnp (vri), Dfnp (Ptru))| = 0, then the former inequality is valid
only in the case |gp(w,w)| = 0. Thus w = 0, and vi ∈ Es(p). The set {v1, v2, ..., vk}
is an pseudo-orthonormal subset of Es(p). Thus dim(Es(p)) ≥ k. The similar
calculations imply that dim(Eu(p)) ≥ m−d−k, where d is the dimension of En(p).
Thus dim(Es(p)) = k and dim(Eu(p)) = m−d−k. This implies that for sufficiently
large n, dim(Es(α(tn))) = k and dim(E
u(α(tn))) = m− d− k.
Now let γ > 0 be given. Since vli → vi then there is Mi > 0 such that for all l > Mi
1− γ
4
< |gp(P−tl(vli), vi)| < 1 +
γ
4
and |gp(P−tl(vli), vj)| <
γ
4k2
for all j 6= i.
If ul = Σ
k
i=1βivli and |gα(tl)(ul, ul)| = 1, then
d(ul, E
s(p)) ≤ |gp(P−tl(ul)− Σki=1β′ivi, P−tl(ul)− Σki=1β′ivi)|
= |gp(Σki=1βiP−tl(vli)− Σki=1β′ivi,Σki=1βiP−tl(vli)− Σki=1β′ivi)|
= |Σki=1Σkj=1βiβ′jgp(P−tl(vli)− vi, P−tl(vlj)− vj)|
= 2|Σki=1(βiβ′i)gp(P−tl(vli), vi)|+ 2|Σki=1Σki6=j&j=1(βiβ′j)gp(P−tl(vli), vj)|
+|Σki=1(βiβ′i)gp(vi, vi)|+ |Σki=1(βiβ′i)gp(P−tl(vli), P−tl(vli))|.
≤ 2|Σki=1(βiβ′i)gp(vi, vi)|+ 2|Σki=1Σki6=j&j=1(βiβ′j)gp(P−tl(vli), vj)|
+|Σki=1(βiβ′i)gp(vi, vi)|+ |Σki=1(βiβ′i)gp(P−tl(vli), P−tl(vli))|.
If we take β′i =
γβi
4(1+(Σki=1βi)
2)
, then
d(ul, E
s(p)) <
γ
4
+
γ
4
+
γ
4
+
γ
4
= γ. (1)
Let v = Σki=1βivi ∈ Es(p) and |gp(v, v)| = 1. Since vni → vi then there is L ∈ N
such that for all n > L
1− γ
4
< |gp(Ptn(vi), vni)| < 1 +
γ
4
and |gp(Ptn(vi), vnj)| <
γ
4k2
for all j 6= i.
6 MOHAMMADREZA MOLAEI
If n > L then we have
d(v,Es(α(tn))) ≤ |gα(tn)(Ptn(v)− Σki=1β′ivni, Ptn(v)− Σki=1β′ivni)|
= |gα(tn)(Σki=1βiPtn(vi)− Σki=1β′ivni,Σki=1βiPtn(vi)− Σki=1β′ivni)|
= |Σki=1Σkj=1βiβ′jgα(tn)(Ptn(vi)− vni, Ptn(vj)− vnj)|
≤ |Σki=12(βiβ′i)gα(tn)(Ptn(vi), vni)|+ 2|Σki=1Σki 6=j&j=1(βiβ′j)gp(Ptn(vi), vnj)|
+|Σki=1(βiβ′i)gα(tn)(vni, vni)|+ |Σki=1(βiβ′i)gα(tn)(Ptn(vi), Ptn(vi))|.
If we take β′i =
γβi
4(1+(Σki=1βi)
2)
, then
d(v,Es(α(tn))) ≤ γ. (2)
Inequalities (1) and (2) imply that
d(Es(α(tn)), E
s(p))→ 0, when n→∞.
By the same method we can deduce that
d(Eu(α(tn)), E
u(p))→ 0, when n→∞.

3. Examples
We consider the metric gp(U, V ) = u
1v1+u2v2−u3v3−u4v4 on R4, where p ∈ R4
and U = (u1, u2, u3, u4), V = (v1, v2, v3, v4) ∈ TpR4.
Example 3.1. If we define f : R4 → R4 by f(x, y, z, t) = (x2 , y3 , z, 4t) then
C = {(0, 0, 0, 0)} is a hyperbolic set for f up to the distribution p 7→ En(p) =
{(a, a, a, a) : a ∈ R}, but C is not a hyperbolic set for f up to the distribution
p 7→ En(p) = {(a, a, 0, a√2) : a ∈ R}.
The Lorentz or Minkowski metric on R3 is defined by gp(U, V ) = u
1v1 + u2v2 −
u3v3 where p ∈ R3 and U = (u1, u2, u3), V = (v1, v2, v3) ∈ TpR3.
Example 3.2. Let Λ be the hyperbolic set of the Smale horseshoe h : R2 → R2
[14]. If we define h˜ : R3 → R3 by h˜(x, y, z) = (h(x, y), 4z), then Λ×R is a hyperbolic
set for h˜ up to the distribution p 7→ En(p) = {(a, a, a√2) : a ∈ R}, where the
metric is the Lorentz metric.
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Figure 1. The hyperbolic space H2(1).
The manifold H2(1) = {(x, y, z) ∈ R3 | x2 + y2 − z2 = −1 and z > 0} with the
induced Minkowski metric is a Riemannian manifold which is called a hyperbolic
space (see figure 1).
Example 3.3. The mapping f : H2(1)→ H2(1) defined by
f(x, y, z) = (
x
2
,
y
2
,
√
z2
4
+
3
4
)
is a smooth diffeomorphism. The set C = {(0, 0, 1)} is a hyperbolic set for f .
Because if p = (0, 0, 1) and V = (u, v, w) ∈ TpH2(1), then there is a smooth curve
β : (−, ) → H2(1) such that β(0) = p and β˙(0) = V . We have (β1(t))2 +
(β2(t))
2 − (β3(t))2 = −1. Thus β1(t)β˙1(t) + β2(t)β˙2(t) − β3(t)β˙3(t) = 0. Hence
0u + 0v − w = 0, so w = 0. By computing the derivative of fnoβ at zero we find
Dpf
n(V ) = ( u2n ,
v
2n , 0), where n ∈ N . Hence
gp(Dpf
n(V ), Dpf
n(V )) =
u2
22n
+
v2
22n
=
1
22n
gp(V, V ).
If we take Es(p) = TpH
2(1), Eu(p) = En(p) = {(0, 0, 0)}, a = 1 and b = 14 then we
have the conditions of definition 2.1.
In the former example {(0, 0, 1)} is a global attractor for f i.e, the ω-limits of
all the points of the space is {(0, 0, 1)}. In the next example we present a global
attractor which is not a hyperbolic set.
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Figure 2. The black circle C is a global attractor for h but it is
not a hyperbolic set for it.
Example 3.4. We define h : M = H2(1)− {(0, 0, 1)} →M by
h(x, y, z) = ((
√
z2 + 2
√
2z − 2
4z2 − 4 x,
√
z2 + 2
√
2z − 2
4z2 − 4 y,
z +
√
2
2
).
C = {(x, y,√2) | x2 + y2 = 1} is a compact invariant set for h and it is a global
attractor for it, but it is not a hyperbolic set for h (see figure 2). In fact if p =
(x, y,
√
2) ∈ C, and V = (u, v, w) ∈ TpM , then xu − yv −
√
2w = 0, Thus V =
(u, v,
√
2
2 xu+
√
2
2 yv). We have
Dph(V ) = (−ux
2
2
− vyx
2
+ u,−uxy
2
− vy
2
2
+ v,
√
2
4
(ux+ vy)).
Hence gp(Dph(V ), Dph(V )) = gp(V, V )− 516 (xu+ yv)2. Thus the derivative of h is
a Riemannian metric preserving on the set of vectors of the form (− yxv, v, 0) when
x 6= 0 and (u,−xyu, 0) when y 6= 0, and it is a decreasing map (not exponentially)
on the rest of tangent space at p. This implies that C is not a hyperbolic set for h.
4. Conclusion
We present a definition for hyperbolic dynamics on a pseudo-Riemannian mani-
fold. We prove the uniqueness of stable and unstable subspaces up to a distribution,
and we prove the continuity of this decomposition. By an example we present a
global attractor which is not hyperbolic.
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